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e Main point: It might not always be necessary for parameters
to be (structurally) identifiable for models to do what you

want.

e Set of output-indistinguishable parameters = equivalence class
w.r.t parameter identification.

e Equivalent w.r.t. given modeling objective? When?

e If yes — pick arbitrary point from these sets.

e Examples of problems:

e batch variability reduction or data transformation
e characterize subsystem behavior — predict system behavior
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Transforming Process Behavior Across Environments

Process Process

Environment 1 Environment 2
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e Data Correction Problem

Test Process
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e Data Correction Problem
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Solution: The Calibration-Correction Method
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Solution: The Calibration-Correction Method

18 makKe cC 1

e corrected to
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The Calibration-Correction Method: Calibration Step

Estimate environment specific parameters

PSP PSP
P P
rocess Calibration rocess
Environment 1 % % Step Environment 2

ESP ESP

6 2 { 1,¢2:0) | Ty = Mealerp), i= 1,2}

E; a1 = Proj,, O, i=1,2
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The Calibration-Correction Method: Correction Step 1

Estimate test process parameters in Extract 2

PSP Py = U IDypje= E(yz st Meese(e, P))

e€Eycal

Correction

Step One Test

Environment 2
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The Calibration-Correction Method: Correction Step 2

Predict test process behavior in Extract 1

J1(8,P) = Miesi(8,P)

v = h(@p)
P Pee M
|- X Correction
|
Test A —E Step Two Test
Process I L Process
ESP ESP

Environment 1 Environment 2
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Parameter Consistency

Theorem

E1 E2
Reference Candidate
the model universe. Furthermore, PSP PSP

Consider the data correction problem in

consider the calibration-correction N
Calibration

method, and the sets O, Eqcalr Epcal gjk gj% Step

and Cj .. Define R R
O test = 1Dg (Vi test» Miest (0)) for ESP ESP
i=1,2. Then, the conditions,

(20

ecal 7é 0
E2,cal c proje e2.lest
El,cal X Céjtest c el,testv
are necessary and sufficient for the

calibration-correction method to solve
the data correction problem.
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Parameter Consistency

Theorem

Consider the data correction problem in
the model universe. Furthermore,
consider the calibration-correction
method, and the sets (:)cal, Eqcalr Epcal
and C o Define

ei,test £ Do (yi.tesuﬁtest(e)) for
i=1,2. Then, the conditions,
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E2,cal c proje e2.lest
El,cal X Céjtest c el,testv
are necessary and sufficient for the

calibration-correction method to solve
the data correction problem.

Caltech, GIS Vipul Singhal

PSP

O Correction

Step One

ESP

19



Parameter Consistency

Theorem
Consider the data correction problem in
the model universe. Furthermore,
consider the calibration-correction
method, and the sets (:)cal, Eqcalr Epcal
0 .
and Cmest. Define
. - _
ei,test = IDg (}’i.tesu Mtest(e)) for
i=1,2. Then, the conditions,

écal 7& 0
E2,cal C proje 2 test

Eq cal X G C O1 fest
o8 7 T2 test e PSP PSP

are necessary and sufficient for the

. ] i ] i Correction
calibration-correction method to solve Step Two
L e oee

the data correction problem.

> >
>

ESP ESP
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Consider the Test = Calibration Process Case

Caltech, GIS
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Consider the Test = Calibration Process Case

Environment 1, Calib. Step Environment 2, Calib. Step

“Test = Calibration” Case

[pret
Varying (10 - 30 a.u)

— —sim.DNA = 10 a.u.
— —sim. DNA = 30 a.l
exp. DN 0a.

..exp. DNA = 30 a.u.

Environment 2, Corr. Step 1

Caltech, GIS Vipul Singhal 22



Correcting the Calibration Data Fails

Environment 1, Calib. Step Environment 2, Calib. Step
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Parameter Covariation Could be a Problem

Environment 1, Calib. Step Environment 2, Calib. Step
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Parameter Covariation Could be a Problem
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Parameter Covariation Could be a Problem

Environment 1, Calib. Step

Calibration-correction in the presence of
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PSP Fixing Helps

Calibration Correction with PSP fixing

PSP - PSP =
\\ \
ESP ESP
PSP PSP
N 4
\ \
ESP ESP
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PSP Fixing Helps

Env. 1, With PSP Fixing

Calibration Correction with PSP fixing
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Formally...

Proposition

Consider the ‘Test = Calib’ case of the DCP. Assume the conditions

Ocul # 0,
Cpcal € Projc O1 cal

Ej cal C Proje ©; cal, i=1,2,
hold, but the set
" cal = ©1.cal N (Excal X Proje ©2,ca)

has covariation with respect to the (e,c) partition. Then, the calibration-correction method fails to solve this
problem.

Proposition

Consider the sets ©; .y = 1Dg (V; cal, Meal (8)) for i =1,2, and the partition 6 = (e,c). Assume that the ©; ¢, have
thin covariation in their ¢ coordinates with respect to their e coordinates. Then, the calibration-correction method
with CSP fixing is able to solve the DCP for the ‘Test = Calib’ case.
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PSP Fixing Helps for New Test Data Too
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PSP Fixing Helps with Experimental Data
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The Data Correction Problem

Extract E2

etGEP 5, poonst et varying.e5G
|ELac% Ialm 3"
varying I L.

pTet
fixed at 5nM

Test Circuit Data

GFP,uM

Figure 1: Given: Experimental data (y, ) for a circuit in an extract, E2.
The subscript t stands for test circuit.
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The Data Correction Problem

Extract E1 ("reference”) Extract E2

Pet-GFP SnM, pConst-tetR varying. cVS

|pLaC? [ tetR | L J !
varying I = i

PIEL.GFP 5nM, pConst-tetR varying. eSG

pTet 05
fixed at 5nM y

time, hours

—~ Test Circuit Data
O

e
time, hours.

Figure 2: Goal: Transform it into a the behavior (y; ;) of that
experiment in a different extract, E1, which we call the 'reference’

extract.
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The Data Correction Problem

Extract E1 ("reference”) Extract E2
pesOFP varg. evz — P varying, eSG C ization Data

5
g g modet: M
praiGep 20w
4
H
pret :'3 Dg +Ei sBnz B9 DG 4 Ena+ G
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== O g
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— Model.
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varylng D+ Enz + T
I E Enz - D¢ + Enz+G
pTet
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FRE
time, hours.

time, hours

Figure 3: Available tools: Choice of a set of characterzation experiments
(Y1.ch» Y2.cn) and corresponding models for both the characterization
(Mcp) and test (M) circuits.
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The Data Correction Problem (DCP)

e Have
e Data for test circuit in E2, the candidate extract, y, ;
e Ability to choose characterization experiments, and collect

data yl,ch7?2,ch
e Ability to choose models, M., and M,

e Find a method that gives y7 ¢, such that y; ¢ =Yit
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Some Notation

e FExtracts vs Circuits

e Model parameter vector (6) coordinates partitioned into
Extract Specific Parameters (e) and Circuit Specific
Parameters (c), so that 6 = (e, c)
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ESPs vs CSPs

Do+PCap ptp 4P
G tP= g P——Dg+P+G

rG

K
D+ pol T‘LA D:pol LN ) + protein + pol

T+P Dy:P < Dy +P+T

DG+P%DG:P—C>DG+P+G

2T ﬂTZ

ke dim

ke
2 e
D +T° == DT

r.rep
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e Environment specific
parameters, e: [P], .. Kc

e Process specific parameters,
c: everything else
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Proposed Solution




The Calibration-Correction Method - Calibration Step

Two Cell Extracts
E1 E2

Dynamic Models

i=t), xO=x

y=nx

Bavesian Parameter Inference
L Extract specific

H 10 timates:

P ‘ 3 |parameter esimates:

0\
H L - .
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The Calibration-Correction Method - Calibration Step

Two Cell Extracts
E1 E2

E1, reference

Dynamic Models - @

k=), x0)=n

y=rx)

Bavesian Parameter Inference
L Extract specific

H 10 timates:

i ‘ j |parameter estimates:

0\
§ W - .
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The Calibration-Correction Method - Calibration Step

e Calibration Step: Characterization circuit to estimate extract
specific parameters. For i ={1,2},
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The Calibration-Correction Method - Calibration Step

e Calibration Step: Characterization circuit to estimate extract
specific parameters. For i ={1,2},

e find éi,ch such that Yich = Mch(éi,ch-,ci,ch) for some ¢; cp.
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The Calibration-Correction Method - Calibration Step

e Calibration Step: Characterization circuit to estimate extract
specific parameters. For i ={1,2},
e find éi,ch such that Yich = Mch(éi,ch-,ci,ch) for some ¢; cp.
e All such points:

Ei,ch = pl’Oje lD9(?i,ch7 Mch) Vi e {112} (1)
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The Calibration-Correction Method - Correction Stepl

Unknown "True"

¥~ behaviorinEl

8 <
g ’
H I re
g , N Measured
sl , behavior in E2
’
Time
Circuit specific
parameter estimates
K
—® Genetic Circuit
l
Dynamic Models | | | I \,
=X, 2(0)=x L
y=Hhx) O
E2
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The Calibration-Correction Method - Correction Step 1

KPT

KPG

G

keP

Kidim

krdim
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The Calibration-Correction Method - Correction Step 1

e Correction Step One: Test data, Extract 2. (y,,) + extract
parameters fixed at & ., — identify test parameters & ;

Caltech, GIS Vipul Singhal 47



The Calibration-Correction Method - Correction Step 1

e Correction Step One: Test data, Extract 2. (y,,) + extract
parameters fixed at & ., — identify test parameters & ;

e All such points:

Ct/:,t £ U IDc|e:é <y2,t7 My (e, C))

éEEQ_ch
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The Calibration-Correction Method - Correction Step 2

Unknown “True”
behaviorin E1

s Prediicted
-] AN

K behaviorin E1
§ A

g N\ Measured

S behavior in E2

Time T

Dynamic Models.
F=r, xO)=r
y=h{x)

l)\
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The Calibration-Correction Method - Correction Step 2

Experimental data, fotR DNA =

Correction Step 1, tetR DNA =

Correction Step 2, tetR DNA =0

&

&
G . . T . . Py = .
0 0 0 =

Caltech, GIS

1
time, hours

1
time, hours
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The Calibration-Correction Method

e Correction Step Two: Predict y1 ; = M¢(é1.ch, & t)
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The Calibration-Correction Method

e Correction Step Two: Predict y1 ; = M¢(é1.ch, & t)

e All such trajectories:

Yl é U U yl(é\aé)v (2)

écEy o cc Cé.t

where,
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Failure Conditions for this Method

e A parameter identification step is attempted when no
parameter exists such that the model fits the data

e Correction step two is able to produce a trajectory not equal
to the true trajectory
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Results




Characterization Experiments Must be at Least as Informative

as the Data to be Corrected
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Characterization Experiments Must be at Least as Informative

as the Data to be Corrected

Define,

proje Do V1,6, M),

proje IDa(V2,¢, Mt).

Ei+
E>:

(1>
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Characterization Experiments Must be at Least as Informative

as the Data to be Corrected

Define,

El,t = proje lDO(.Vl,ta Mt)7

E> £ proje IDG()72,ta M;).

The first two conditions are,

E17ch C El,t
Exen C Ext
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Characterization Experiments Must be at Least as Informative

as the Data to be Corrected

Define, _
El,t = proje lDO(.Vl,ta Mt)7

E> £ proje IDG()72,ta M;).

The first two conditions are,

E17ch C El,t
Exen C Ext

Proof Ideas: If E; o, € E>+ does not hold, parameter estimation
of the (¢ fails in first correction step. If £y ¢, C E1; does not
hold, then the prediction of a correct trajectory y; ¢ is impossible
for any c.
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Process Specific Parameter Estimates for the Test Process

Must Agree in Both Environments
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Process Specific Parameter Estimates for the Test Process

Must Agree in Both Environments

Recall that,

Cé,t = U IDC‘e:é <y2,t7Mf (e,C)),

éckEy op

C{,té U IDc\e:é (YI,tth<evc)>

é\eELCh
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Process Specific Parameter Estimates for the Test Process

Must Agree in Both Environments

Recall that,

Cé,t = U IDC‘e:é <y2,t7Mf (e,C)),

éckEy op

C{,té U IDc\e:é (YI,tth<evc)>

é\eELCh

The third condition is,
Gt C Gy
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Process Specific Parameter Estimates for the Test Process

Must Agree in Both Environments

Recall that,

Cé,t = U IDC‘e:é <y2,t7Mf (e,C)),

éckEy op

C{,té U IDc\e:é (YI,tth<evc)>

é\eELCh

The third condition is,
Gt C Gy

Proof Idea: In the second correction step, the prediction y; ¢ is
generated by plugging in an arbitrary point from Cit into what

would have been (i ,.
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The Environment Specific and Process Specific Parameters Shoul

be Independent of Each Other.
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The Environment Specific and Process Specific Parameters Shoul

be Independent of Each Other.

Define,
©1¢ £ 1Dg(¥1,1, M:)
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The Environment Specific and Process Specific Parameters Shoul

be Independent of Each Other.

Define,
©1. = 1Dg(V1,¢, M)

The fourth condition is,

El,ch X Cé_’t c el,t
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The Environment Specific and Process Specific Parameters Shoul

be Independent of Each Other.

Define,
©1. = 1Dg(V1,¢, M)

The fourth condition is,
El,ch X Cé,t - @171'

Proof idea: In the second correction step, we pick arbitrary points
from the sets Ej ¢, and C}, as a proxy for a point in ©1 ;.
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Supplement




Parameter ldentification

Definition (Parameter Identification)

Let the set .Zy be the set of all pairs (¥, M(6,u,xp)) for which
there exists a parameter 6 € Q such that ¥ = M(8, u,xp). Also, let
Z(2) be the power set of Q. We define the parameter
identification of 0 as an operator |Dg : 4y — Z7(R), with

IDo(y, M) ={6 € Q |y =M(6,u,x)}
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Parameter ldentifiability

Definition
M(64) and M(60g) output-indistinguishable if,

QA, 93 S Q,

4
y(t,0a,u,x0) = y(t,0,u,x0) Vt>0,YueU,¥x €X. )
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Parameter ldentifiability

Definition
M(64) and M(60g) output-indistinguishable if,
04, 05 € Q, (4)
y(t,0a,u,x0) = y(t,0,u,x0) Vt>0,YueU,¥x €X.
Definition
The it" coordinate of 64, denoted 04, is structurally globally

identifiable (SGI) if, for almost any 64 € Q, (4) has a unique
solution for Op ;.
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Parameter ldentifiability

Definition
M(64) and M(60g) output-indistinguishable if,

QA, 0g € Q, (4)

y(t,0a,u,x0) = y(t,0,u,x0) Vt>0,YueU,¥x €X.
Definition
The it" coordinate of 64, denoted 04, is structurally globally
identifiable (SGI) if, for almost any 64 € Q, (4) has a unique
solution for Op ;.
Definition
M(6) SGI if all its parameters 6; are SGI.
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Proof: Necessity of £, ., C Ep ¢+

e AFSOC Jé e E2,ch s. t. é ¢ E2,t-
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Proof: Necessity of £, ., C Ep ¢+

e AFSOC Jé e E2,ch s. t. é ¢ E27t.
e This implies 32 s.t. M¢(&,&) =y, ;.
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Proof: Necessity of £, ., C Ep ¢+

e AFSOCdéc Eycps. t. €¢ Epy.

e This implies 32 s.t. M¢(&,&) =y, ;.

e — parameter ID fails at correction step one (first failure
condition).
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Proof: Necessity of E; o, x G, C Oy

e Split into three sub conditions

Eich C E1: £ proj, |D9(Y17t,ﬂt),
Cé,t g C{,tv
Erchx G C Oy,
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Sufficiency is straightforward

The argument is a simple exercise in checking that the parameters
that get picked are in sets such that the correct trajectories get

generated.
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